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Abstract 

From the consideration of measuring bipartite mixed states by sep- 
arable pure states, we introduce algebraic sets in complex projective 
spaces for the bipartite mixed states as the degenerating locus of the 
measurement. These algebraic sets are non-local invariants indepen- 
dent of the eigenvalues and only measure the position of the eigenvec- 
tors of bipartite mixed states. The algebraic sets have to be the sum 
of the linear subspaces if the mixed states are separable, and thus we 
give a new criterion of separability. Based on our criterion, examples 
are given to illustrate that entangled mixed states which are invariant 
under partial transposition (thus PPT bound entanglement) or fulfill 
entropy and disorder criterion of separability can be constructed sys- 
tematically. Thus we reveal the point that a large part of quantum 
entanglement phenomenon is independent of eigenvalue spectra, and 
develop a method measuring this part of quantum entanglement. The 
results are also extended to multipartite case. 



Quantum entanglement was first noted as a feature of quantum mechanics 
in the famous Einstein, Podolsky and Rosen [1] and Schrodinger [2] papers. 
Its importance lies not only in philosophical considerations of the nature of 
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quantum theory, but also in applications where it has emerged recently that 
quantum entanglement is the key ingredient in quantum computation [3] and 
communication [4] and plays an important role in cryptography [5,6]. 

A mixed state p in the bipartite quantum system H = if™ ® ifg is called 
separable if it can be written in the form p = Y,jPj\ipj >< <g> \<pj >< <f>j\, 
where pj > and >, \<f>j > are pure states in H™,Hg. Otherwise it is 
called entangled. From the point view of quantum entanglement, two states 
are completely equivalent if one can be transformed into the other by the 
means of local unitary transformations (ie., Ua®Ub where Ua, Ub are the 
unitary transformations of H™, H^.). It is clear that the property being sep- 
arable or entangled of a mixed state is preseved after local unitary transfor- 
mations. Thus for the puropose to quantify entanglement, any good measure 
of entanglement must be invariant under local transformations ([6,7,8]). 

To find good necessary condition of separability (separability criterion) 
is the fundamental problem in the study of quantum entanglement ([9,10]). 
Bell's inequality ([9]) and entropy criterion ([10]) are well-known scalar cri- 
teria of separable states. In 1996, Peres [11] gave a striking simple criterion 
which asserts that a separable mixed state p necessarily has positive par- 
tial transpose (PPT, ie., the partial transpose p PT , where < ij\p\kl >=< 
il\p PT \kj >, has no negative eigenvalue), which has been proved by Horodeckis 
([12]) also a sufficient condition of separability in 2 x 2 and 2x3 systems. The 
significance of PPT property is also reflected in the facts that PPT mixed 
states satisfy Bell inequalities ([13]) and cannot be distilled(ie., no singlet 
can be extracted from it by local quantum operations and classical commu- 
nications (LOCC), [14], bound entanglement)). In [15], [10] it was proved 
that the ranges of separable states p and its partial transpose p PT are the 
linear span of separable pure states. Based on this so-called range crite- 
rion [10] several families of PPT entangled mixed states were constructed in 
[15], [14], [16], [17], [18], [19] by proving that there is no separable pure state in 
the ranges of the constructed mixed states (edges states). However construct- 
ing PPT entangled mixed states (thus bound entanglement) is exceedingly 
difficult task ([16]), and the only known systematic way of such construction 
is the context of unextendible product base (UPB) in [16]. In real applica- 
tions of the range criterion it seems there are some difficulties to detect those 
entangled states for which there are some separable pure states within their 
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ranges. The most recent disorder criterion of separability in [20], which is 
stronger than entropy criterion, was proved by the mathematics of majoriza- 
tion. 

In this paper we propose the following point of view: quantum entangle- 
ment of mixed states has a quite large part which is totally independent of the 
eigenvalue spectra of the mixed states and only dependent on the geometric 
position of eigenvectors, even for mixed states with the same global and local 
spectra there are continuous many of them which are NOT equivalent under 
local unitary transformations (thus continuous many distinct entanglement 
with the same global and local spectra, Theorem 4 below). This point has 
been partially manifested in Horodecki's range criterion [15,10], UPB context 
in [16,17] and Examples in [20]. 

The physical motivation is as follows. For any given bipartite mixed state 
p in H™®Hb , we want to understand it by measuring it with separable pure 
states, ie., we consider the < 0i Cg>02|p|0i <S>02 > for any pure states 0i G H™ 
and 02 G Hq. For any fixed 0i G P(H™), where P(H™) is the projective 
space of all pure states in H™, < 0i <8> 02|p|0i <8> 02 > is a Hermitian bilinear 
form on Hq, denoted by < 0i|p|0i > . We consider the degenerating locus 
of this bilinear form, ie., V%(p) = {0i G P{H™) : rank(< 0i|p|0i >) < k} 
for k = 0,1, n — 1. It is proved that these degenerating locus are algebraic 
sets (ie., zero locus of several homogeneous multi- variable polynomials ) in 
P(H™), which are independent of the global spectra of the mixed states and 
only measure the geometric position of eigenvectors in H™ ® . These 
algebraic sets are invariants of the mixed states under local unitary trans- 
formations, and thus many numerical algebraic-geometric invariants (such 
as dimensions, number of irreducible components) and Hermitian differen- 
tial geometric invariants (with the Fubini-Study metric of complex projective 
spaces, such as volumes, curvatures) of these algebraic sets are automatically 
invariant under local unitary transformations. In this way many candidates 
for good entanglement measure or potentially entanglement monotone in- 
dependent of global spetra of mixed states are offerd. Another important 
aspect is that these algebraic sets can be easily calculated and thus can be 
easily used to treat the problem of quantum entanglement. 

Based on these algebraic sets we prove a new separability criterion (in- 
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dependent of global spectra) which asserts that the algebraic sets have to be 
the sum of linear subspaces of P{H™) if the mixed state is separable. Based 
on this new separabilty criterion, entangled mixed states fulfilling entropy 
and disorder criteria of separability can be constructed easily and a continu- 
ous family of isospectral (the same global and local spectra) entangled mixed 
states whose members are not equivalent under local unitary transformations 
is constructed (Example 1). Thus it is clear that our criterion is not equiva- 
lent to the entropy and disorder criteria and can be used to detect entangled 
states not violating these two criteria. We also illustrate a systematic way 
for constructing PPT (actually p PT = p) entangled mixed states (thus bound 
entanglement) in Example 2. There are some separable pure states in the 
ranges of the entagled states constructed in Example 2, thus it seems not so 
direct and easy to detect these entangled states by the the range criterion. 
Our criterion based on algebraic-geometric invariants of mixed states works 
well to detect those entangled states for which there are some separable pure 
states within their ranges. 

Although the conclusion that the ranges of separable mixed states are the 
linear span of separable pure states can imply our separability criterion Theo- 
rem 3, the criterion here can be used more effectively than the range criterion 
in the case that there are some separable pure states within the ranges of the 
entangled mixed states, because in this case it is not so direct and easy to 
prove the ranges of these entangled mixed states are not linear span of sepa- 
rable pure states and thus get a contradiction to the range criterion, however 
we can easily compute the algebraic-geometric invariants of these entangled 
mixed states and use the systematic results in algebraic geometry to prove 
that these invariants are not linear even when there are some separable pure 
states in the ranges of these constructed entangled mixed states(see Exam- 
ple 2). In many cases it is almost immediately clear from our separability 
criterion Theorem 3 here that some mixed states are entangled since their 
corresponding algebraic-geometric invariants are clearly curved and thus not 
linear (see Example 1). On the other hand all known PPT bound entangled 
mixed states were constructed by proving there is no separable pure state 
in their ranges (see [15], [14], [16], [17], [18], [19]). Our criterion offered a new 
systematic way to construct MORE families of PPT bound enatngled mixed 
states by choosing some matrices satisfying some special properties (see Ex- 
ample 2 and discussion there). 



4 



It is clear that any separability criterion for bipartite mixed states can 
be applied to multipartite mixed states for their separability under vari- 
ous cuts. In [21], Horodeckis proved a separability criterion for multipartite 
mixed states by the using of linear maps. The algebraic-geometric invariants 
and the separability criterion in bipartite case can be extended naturally 
to multipartite mixed states. We introduce algebraic sets in the products 
of complex projective spaces for the multipartite mixed states, which are 
independent of the eigenvalues of the mixed states and only measure the ge- 
ometric position of eigenvectors. These algebraic sets are invariants of the 
mixed states under local unitary transformations. Based on these algebraic 
sets we prove a new separability criterion (independent of eigenvalues) which 
asserts that the algebraic sets have to be the sum of the products of lin- 
ear subspaces if the multipartite mixed state is separable. Based on this 
new separabilty criterion, a continuous family of 4 qubit mixed state is con- 
structed as a generalization of Smolin's mixed state in [22], each mixed state 
in this family is separable under any 2 : 2 cut and entangled under any 1 : 3 
cut, thus they are bound entanglement if 4 parties are isolated (Example 3). 
Since our invariants can be computed easily and can be used to distinguish 
inequivalent mixed states under local unitary transformations, it is proved 
that the generic members of this continuous family of mixed states are in- 
equivalent under local unitary transformations, thus these 4 qubit mixed 
states are continuous many distinct bound entangled mixed states. An ex- 
ample (see Example 2) of continuous many LOCC-incomparable enatngled 
tripartite pure states are also constructed to show it is hopeless to character- 
ize the entanglement properties of multipartite pure states by the eigenvalue 
vectors of their partial traces. 

The algebraic sets used in this paper are called determinantal varieties 
in algebraic geometry ([23] Lecture 9 and [24] Cha.II) and have been studied 
by mathematicians from different motivations ([23,24-26]). For the algebraic 
geomerty used in this paper we refer to the nice book [23]. 

We consider the following situation. Alice and Bob share a bipartite 
quantum system H™ ® ifg, and they have a mixed state p. Now they want 
to understand the entanglement properties of p. It is certain that they can 
prepare any separable pure state <f>i <8> 02 seaprately. Now they measure p 
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with this separable pure state, the expectation value is < <fti ®<p2\p\<pi ®<p2 >■ 
If Alice's pure state 4>i is fixed, then < 0i <g> 2 |p|0i <8> 02 > is a Hermitian 
bilinear form on Bob's pure states (ie., on Hg). We denote this bilinear form 
by < 0i|p|0i >. Intuitively the degenerating locus V%(p) = {(f>\ G P(H™) : 
rank(< <f>i\p\cf>i >) < A;} should contain the physical information of p and 
it is almost obvious that these degenerating locus are invariant under local 
unitary transformations. Now we use the coordinate form of this formal- 
ism. Let H = H™ ® Hg : the standard orthogonal base be {\ij >}, where, 
% = 1, m and j = 1, n, and p be a mixed state on H. We represent the 
matrix of p in the base {|11 >, ...\ln >, \ml >, \mn >}, and consider p 
as a blocked matrix p = (pij)i<i< m ,i<j<m with each block pij a n x n matrix 
corresponding to the \il >, \in > rows and the \jl >, \jn > columns. 
For any pure state X = r^l > +... + r m \m >G P(H™) the matrix of the 
Hermitian linear form < 4>i\p\4>i > with the base |1 >, \n > is lui f^pij. 
Thus the "degenerating locus" are defined as follows. 

Definition l.We define 

VM = {(ri,...,r m ) G CP" 1 ' 1 : rank^jr^ Pij ) < k} (1) 

for k = 0, l,...,n— I. Similarly Vj^(p) C CP n_1 can &e defined. Here * 
means the conjugate of complex numbers. 

Theorem l.Let T = JJ\ ®Ub, where Ua and Ub are unitary transfor- 
mations on H™ and rescpectively. Then V^(T(p)) = UX 1 (V^(p)). 

Proof. This is clear from the fact Vj(T(p)) = {fa G P(H%) : rank(U B < 
U A (fa)\p\U A ( ( f> 1 )>(U B y)<k}. 

Since U^ 1 certainly preserve the Fubini-Study metric of CP" 1 - 1 , we know 
that all metric properties of Va( P ) are preserved when the local unitary trans- 
formations are applied to the mixed state p. 

In the following statement, the term algebraic set means the zero locus of 
several multi- variable homogeneous polynomials, (see [23]). 

Theorem 2. V%(p) (resp. Vg(p)) is an algebraic set in CP m 1 (resp. 
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CP 11 - 1 ). 



In the case p — \v >< v\, a pure state in a bipartite quantum system 
H™ <S> fig, it is easy to compute that k = codimV^(p) = m — 1 — dimV®{p) = 
n — l — dimVg(p) = codimV^(p) is the Schmidt number of the pure state \v >. 

Theorem 3. If p is a separable mixed state, V%(p) (resp. V^(p)) is a 
linear subset of CP 171 - 1 (resp. CP n ~ l ),ie., it is the sum of the linear sub- 
spaces. 

For the purpose to prove Theorem 2 and 3 we need some preparation. 
Let {|11 >, | In >, \ml >, \mn >} be the standard orthogonal base 
of H = H™ ® Jig and p = T,j =1 pi\vi >< v{\ be a mixed state on H with 

Pi, ...,p t > 0. Suppose vi = E^2ia«i|u > » A = ( a iji)i<i<m,i<j<n,i<i<t is the 
mn x t matrix. Then it is clear that the matrix representation of p with 
the base {|11 >, |ln >, \ml >, \mn >} is AP(A*) T , where P is the 
diagonal matrix with diagonal entries p±, ...,pt- As indicated [15], the image 
of p is the linear span of vectors v±, ...,v t . We may consider the mn x t ma- 
trix A as a m x 1 blocked matrix with each block A w , where w — 1, ...,m, 
anxt matrix corresponding to {|wl >,..., \ wn >}. Then it is easy to see 
Pij = AiP(A*) T , where i — 1, ...m,j = 1, ...,m. Thus 



Enrjpy = (Er i A i )P(Er?^) T (2) 

Lemma 1. J^r^pij is a (semi) positive definite n x n matrix. Its rank 
equals to the rank of(TiriA i ). 

Proof. The first conclusion is clear. The matrix Erjrjpy is of rank k if 
and only if there exist n — k linear independent vectors c- 7 = (c{, c J n ) with 
the property. 



(E i r i c^A i )P(E i r*ci*A*y = y } 

Since P is a strictly positive definite matrix,our conclusion follows imme- 
diately. 
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Proof of Theorem 2. From Lemma 1 , we know that V%(p) is the zero 
locus of all (k + 1) x (k + 1) submatrices of (Er^). The conclusion is proved. 

Because the determinants of all (k+1) x (k + 1) submatrices of (ErjAj) are 
homogeneous polynomials of degree k + 1 , thus V^(p)(resp. V£(p)) is an al- 
gebraic subset (called determinantal varieties in algebraic geometry [23], [24]) 
in OP^resp. CP 11 - 1 ). 

The point here is: for different representations of p as p = Y,jPj\vj >< Vj\ 
with pj's positive real numbers, the determinantal varieties from their corre- 
sponding Eire's are the same. 

Now suppose that the mixed state p is separable, ie, there are unit prod- 
uct vectors a x <g> bi, ....,a s <8> b s such that p = £f =1 <?z|a/ <8> 6/ >< a t <g> bi\ , 
where q\,...q s are positive real numbers. Let a u = a*|l > +... + a™\m > 
,b u = > +... + b™\n > for u = l,...,s. Hence the vector repre- 

sentation of a u <S> b u with the standard base is a u <S> b u = S^-a^6^|ij >. 
Consider the corresponding mn x s matrix C of a± <g) bi, a s <S> b s as in 
Lemma 1, we have p = CQ(C*) T , where Q is diagonal matrix with di- 
agonal entries qi,...,q s . As before we consider C as m x 1 blocked ma- 
trix with blocks C w , w — 1, ...m. Here C w is a n x s matrix of the form 
C w = (aj&})i<i<n,i<j<s = BT W , where B = (b))i<i< n ,i<j< s is a n x s ma- 
trix and T w is a diagonal matrix with diagonal entries a™, a™. Thus from 
Lemma 1, we have p„ = CiQ(C*) T = B(T i Q(T*) T )(B*) T = BT i:j (B*) T , where 
Tjj is a diagonal matrix with diagonal entries qia\(a{)*, ...,q s a l s (a J s )* . 

Proof of Theorem 3. As in the proof of Theorem 2, we have 



Erirfaj = T 1 r i r*BT i j(B*) T 

B(Er l r*T l] )(B*Y { } 

Here we note Erjr*Tjj is a diagonal matrix with diagonal entries 
g 1 (i;r i ai)(Er i ai)*,...,g a (Er i ai)(Er i ai)*.Thus Vnr* jPij = BGQ(G*) T (B*)\ 
where G is a diagonal matrix with diagonal entries £rja\, Srja*. Because 
Q is a strictly positive definite matrix, from Lemma 1 we know that Er^r*/^.,- 
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is of rank smaller than k + 1 if and only if the rank of BG is strictly smaller 
than k + 1. Note that BG is just the multiplication of s diagonal entries 
of G (which is linear forms of r l5 ...,r m ) on the s columns of B, thus the 
determinants of all (k + l)x (k + 1) submatrices of BG (in the case s > k+ 1, 
otherwise automatically linear) are the multiplications of a constant (possibly 
zero) and k + 1 linear forms of r 1; ...,r m . Thus the conlusion is proved. 

From Lemma 1 and the proof of Theorem 2 and 3 , Sj^Aj play a key role. 
If we take the standard p = Tl^ =1 pj\ipj >< ipj\, where pj, \ipj >,j = 1, ...,r 
are eigenvalues and eigenvectors, the corresponding Y^riAi measures the "ge- 
ometric position" of eigenvectors in H™®H B . It is obvious from the proof of 
Theorem 2, the non-local invariants defined in Definition 1 are independent 
of pi, ...,p r , the global eigenvalue spectra of the mixed states. 

Now we introduce the algebraic-geometric invariants of the mixed states 
and prove the results for tripartite case. The arbitrary multipartite case is 
similar and we just generalize directly. 

Let H = H™ ® H B ® H l c and the standard orthogonal base is \ijk >, 
where, % = l,...,m,j = l,...,n and k = and p is a mixed state on 

H. We represent the matrix of p in the base {|111 >,...|11/ >,..., \mnl > 
, \mnl >} as p = (pij,i'j>)i<i,i'<m,i<j,j'<n, and p ij:i iy is a I x I matrix. Con- 
sider H as a bipartite system as H = (H™®Hg)®H l c , then we have Vj[ B (p) = 
{(r n , ...,r mn ) G C mn : rank(Y,rijr*,j,pij t i'jr) < k} defined previously. This set 
is actually the degenerating locus of the Hermitian bilinear form < 0i2|p|0i2 > 
on H l c for the given pure state 0i2 = T^j n rij\ij >G P(H™ <E> Hb)- When the 
finer cut A:B:C is considered, it is natural to take 0i2 as a separable pure state 
012 = 0i®02, ie., there exist 0i = Z ir }\i >E P{H%), <p 2 = ^rfj >e P{H%) 
such that Tij = r\r 2 y In this way the tripartite mixed state p is measured 
by tripartite separable pure states <pi <8> 02 <8> 03- Thus it is natural we de- 
fine Vjy. B (p) as follows. It is the degenerating locus of the bilinear form 
< 0i <8> 02|p|0i <S> 02 > on H l c . 

Definition 2. Let : CP m_1 x CP n_1 -> CP mn ~ 1 be the mapping defined 

by 
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<f>(rl,...r^,Ti,...,r^) = {r\rl,...,r}r 2 j ,...r 1 m rl) (5) 
(ie., Tij = rjr 2 is introduced.) 

Then V^. B (p) is defined as the preimage _1 (V^ B (p)). 

Similarly V B . c (p), Vj[. c (p) can be defined. In the following statement we 
just state the result for Vj[. B (p). The conclusion holds similarly for other Vs. 

From this definition and Theorem 2 we immediately have the following 
result. 

Theorem 2'. V^. B (p) is an algebraic set in CP 171 ' 1 x CP™" 1 . 

Theorem 1' .Let T = Ua®U b ® U c , where Ua,U b and U c are uni- 
tary transformations of H™, H B , H l c ,be a local unitary transformations of H. 
Then Vl B {T{p)) = U A l x U B \Vl B {p)). 

Proof. Let U A = (ufj)i<i< m ,i<j<m, U B = (u?j)i<i< n ,i<j<n and U c = 
( u ij)i<i<i,i<j<h ^ e ^ ne ma t rrx m the standard orthogonal bases. 

Recall the proof of Theorem 1, we have V% B (T(p)) = {U A ^U B y l {V^ B {p)) 
under the coordinate change 



r 'kw — ^ij r ij U ik U fw 

- ^ij 1 i 1 j u ik u jw (f>\ 



ij \ i ikJ \ j jwJ 

for k — 1, m, w — 1, n. Thus our conclusion follows from the defini- 
tion 2. 



Since U^ 1 x U B l certainly preserves the (product) Fubini-Study metric of 
CP" 1 " 1 x CP™ -1 , we know that all metric properties of V\. B {p) are preserved 
when the local unitary transformations are applied to the mixed state p. 
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In the following statement we give a separability criterion of the mixed 
state p under the cut A:B:C. The term a linear subspace of CP 111 ^ 1 x CP n ~ x 
means the product of a linear subspace in CP m ~ l and a linear subspace in 

Cpn-l 

Theorem 3'.// p is a separable mixed state on H = H™ <g> H B ® H l c 

under the cut A:B:C, V A:B {p) is a linear subset of CP m ~ x x CP" 1 ^ 1 , ie., it is 
the sum of the linear subspaces. 

Proof. We first consider the separability of p under the cut AB:C,ie., 
p = T, 9 f=1 pfP af(g)bf , where a/ e H™ ® H B and bf e H l c for f — 1, ...,g. Con- 
sider the separability of p under the cut A:B:C, we have a/ = a'f <S> a'f , a'f G 
H%, a" f E E% Let a f = (a), af n ), a' f = (a'/, af) and a'}(af, a"/ 1 ) be 
the coordinate forms with the standard orthogonal basis {\ij >}, {\i >} and 
{\j >} respectively, we have that a l j = a'jd'f . Recall the proof of Theorem 
3, the diagonal entries of G in the proof of Theorem 3 are 



N V->/'7«/ ? (7) 
(S^4)(S,r)a^) 

Thus as argued in the proof of Theorem 3, V A . B {p) has to be the zero lo- 
cus of the multiplications of the linear forms in (3). The conclusion is proved. 

For the mixed state p in the multipartite system H = H™* <g> • • ■ <g> H™* , 
we want to study the entanglement under the cut A il : A i2 : ... : A il : 
(Aj 1 ...A jk _ l ), where i t } U {ji, ...jk-i} = {1, ...&}. We can define the set 

V\ ix : ...-.a i( (p) similarly. We have the following results. 

Theorem 2". V\. . :A . (p) is an algebraic set in in CP mi ^ 1 x ••• x 
CP m H- x . 

Theorem V\LetT = U Aii ®- ■ •®U Ail ®U jl ... jk _ t , whereU Ail , ...,U Ai[ ,U jl ... jk _ l 
are unitary transformations of H Ai , • • • , H Ai , be a local unitary transforma- 
tions ofH. Then Vj^ (T(p)) = U' A \ x- ■ ■ x ^(Vj^ (p)). 
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Theorem 3" .If p is a separable mixed state on H = H™* <g> • ■ ■ <g> H™£ 
under the cut A ix : A i2 : ... : A il : (A^.^A^ J, V% :A . (p) is a linear subset 

of CP™ 1 *! -1 x ... x CP™ 1 ^ 1 ,ie., it is the sum of the linear subspaces. 

We now study some examples of mixed states based on our above results. 

Example 1. Consider rank m mixed states p in bipartite quantum sys- 
tem H™ ® H 1 ,!}. Thus they have m eigenvectors and from the above descrip- 
tion of their Sj^Aj's, they are m x m matrices. Hence their V^ _1 (p)'s are 
zero locus of one homogeneous polynomial (ie., the determinant of Ej7"jA;) i n 
£»pm-i j n ( mos t) cases that this polynomial cannot be factorized into 
m linear forms, thus it is clear that the zero locus V^" _1 (p) of this polynomial 
cannot be linear and the corresponding mixed states are entangled from our 
criterion Theorem 3. 

We can consider the following concrete case. Let H = H\® H% and 
Pt,v,s = >< vi > +\v2 >< v 2 \ + |i>3 >< v 3 \) (t,v, s are complex param- 
eters), a mixed state on H, where 



T, 1 = 7 J i _(t3|ll> + |22> + |33» 
. 2 = ^=Ml2>+|23>+|31 » (8) 
, 3 = ^( S 3 |13>+|21>+|32 » 

It is easy to calculate that Er^A (upto a constant) is the following 3x3 
matrix 



/ t 3 ri r 3 r 2 \ 

r 2 v 3 r\ r 3 (9) 
\ r 3 r 2 s 3 ri / 

Thus V%(pt) is defined by (tvs) 3 rf + r\ + r\ — (t 3 + v 3 + s 3 )r 1 r 2 r 3 = in 
CP 2 . With tvsri = r[ we have rf +r 3 + r| — ( - + " +s )r 1 r 2 r 3 = 0. This uni- 
versal family of elliptic curves ([27], section 7.2 pp.363 — 396)is just Vjy(pt,v,s)- 
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It is easy to check that all global and local spectra (ie., eigenvalues of 
Pt,v,s,trA(pt,v,s),trB(pt,v,s)) are the same for different parameters with \tf = 
\v\ 6 = |s| 6 fixed. In this case, set t 3 = he Wl ,v = he i02 , s = he 103 , where h > 0, 
a fixed constant, we have a family of isospectral (both global and local) 
mixed states Pe 1 fi 2 ,e z - The corresponding family of ellptic curves V^p^a,^) 
is defined by (r[f + r 3 + rf - ( ftw )^ = 0. Set g(9 1 ,9 2 ,9 3 ) = 

e J»(fl^+4+t 3 e v3 • Let = ^^3^27)3 be the moduli function of elliptic curves. 
From algebraic-gemetry we know that the elliptic curve is not the union of 
3 lines if (g(9i,9 2 ,9 3 )) 3 7^ 0,-216,27 and two elliptic curves corresponding 
to diffferent paprameters are isomorphic if and only if their corresponding 
moduli function values are the same (see [27], section 7.2, pp. 363-396). 

Theorem 4. {pe 1 ,e 2 ,8 3 }e 1 ,e 2 ,e :i i s a family of entangled mixed state for 
parameters satisfying (g(9i,9 2 ,9 3 )) 3 7^ 0,-216,27. Moreover pei,02,e 3 and 
Pe' e' e' are not equivalent under local unitary transformations ifk(g(9i, 9 2 , 9 3 )) 7^ 
k(g(9[,9' 2 ,9' 3 )). ' 

Proof. The conclusion follows from Theorem 3,1 and the above-mentioned 
fact in algebraic geometry. 

This can be compared with the example in [20] . In [20] two mixed states 
p and 5 with the same global and local spectra are given, however p is entan- 
gled and 5 is separable. Thus p and 5 are not equivalent under local unitary 
transformations. Our this example provides continuous many inequivalent 
(under local unitary transformations) entangled mixed states with the same 
global and local spectra. The continuous many mixed states in Theorem 4 
offer stronger evidence for the point in [20] that a complete understanding of 
bipartite quantum systems cannnot be obtained by only studying the global 
and local properties of their spectra. 

If |t| 6 = |t>| 6 = |s| 6 = 1, the 3 eigenvalues of p,trA(p),trB(p) are all the 
same value |. In these case, the entropy criterion of separability S(trA(p)), S(trB(p)) 
< S(p) ([10]) and the disorder criterion of separability A (p) -< A(tr^(p)), \(tr B (p)) 
in [20] are all fufilled. However it is easy to see from Theorem 4 that for 
generic parameters t,v,s with |t| 6 = |t>| 6 = |s| 6 = 1, the mixed state p tjVtS is 
entangled. Thus our separability criterion can be used to detect entangled 
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mixed states not violating entropy and disorder criteria. 

In [28] Nielsen gave a beautiful necessary and sufficient condition for the 
pure state \ip > can be transformed to the pure state \<p > in bipartite quan- 
tum systems by local operations and classical communications (LOCC) based 
on the majorization between the eigenvalue vectors of the partial traces of 
\ip > and \<f) >. In [29] an example was given, from which we know that 
Nielsen's criterion cannot be generalized to multipartite case, 3EPR and 
2GHZ are understood as pure states in a 4 x 4 x 4 quantum system, they 
have the same eigenvalue vectors when traced over any subsystem. However 
it is proved that they are LOCC-incomparable in [29] 

In the following example a continuous family {(j)}e lt e 2t 6 3 of pure states in 
tripartite quantum system if^ <g> H\ 2 <g> H\ 3 is given, the eigenvalue vectors 

of tr Ai (\4> eiM3 >< |00i,02,03 >)> tr A l A J ( 1 00i,0 2 ,03 >< 00i,02,03l) are indepen- 
dent of parameters 61,82,03. However the generic pure states in this family 
are entangled and LOCC-incomparable. This gives stronger evidence that 
it is hopeless to characterize the entanglement properties of pure states in 
multipartite quantum systems by only using the eigenvalue spetra of their 
partial traces. 

Let 10^,02,03 >= ^Oi > <g>|l > + \v 2 > ®|2 > +\v 3 > (8) 1 3 >). 
This is a continuous family of pure states in H parameterized by three 
real parameters. It is clear that trA 3 \ 00i,0 2 ,0 3 >< 00i,0 2 ,0 3 | = l(\ v i 
Vi\ + \v2 >< U2I + \v3 >< V3D is a rank 3 mixed state in H\ <S> H\ . 
|00i,02,03 > an d |00^,0 2 ,0^ > are not equivalent under local unitary transfor- 
mations if k(g(9i,92,9s)) 7^ k^giO'^O^O'^)), since their corresponding traces 
over A 3 are not equivalent under local unitary transformations of H\ <8> H\ 
from Theorem 4. Hence the generic members of this family of pure states 
in tripartite quum system H are enatngled and LOCC-incomparable from 
Theorem 1 in [29]. 

In the following example we construct a family of rank 7 mixed states 
{Pei,e 2 ,e 3 } ( e i, e 2, e 3 are real parameters) with Pei,e 2 ,e 3 = Pe^e 2 ,e s (hence PPT 
automatically) in H = H\ ® H^. We prove they are entangled by Theorem 
3 (thus bound entanglement) for generic parameters ei,e2,e 3 . This family 
and the method used here can be easily generalized to construct entangled 
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mixed states with p = p systematically. 

Example 2. Consider the following 4 6x7 matrices 
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,where ei, e 2 are real numbers, and A A = (I e , 0), where J 6 is 6 x 6 unit matrix. 

Let A be a 24 x 7 matrix with 4 blocks Ai, A 2 , A3, A4 where the 24 rows 
correspond to the standard base {|11 >, |16 >, 1 4=1 >, |46 >}. Let 
Pei,e 2 ,e 3 be (1/-D) ( A( A* ) T ) (where D is a normalizing constant), a mixed state 
on H. It is easy to check that Ai(A*) T = Aj(A*) T , hence p ei ,e 2 ,e 3 is invariant 
under partial transposition. 

Let ipi, ip7 G H\ ® H% be 7 vectors corresponding to 7 columns of the 
matrix A. It is clear that the range of p ei ,e 2 ,e 3 is the linear span of tpi, ..,^7. 
When ei = e 2 = 0, e 3 = 1, -02 - "03 = (|l'> +|4 > -|2 >) ® (|2 > -|3 >). 
Thus there are some separable pure states in the range of po,o,i- We will show 
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that po,o,i and Pei,e 2 ,e 3 for generic parameters ei,e2,e3 are entangled by our 
separability criterion Theorem 3. 

As in the proof of Theorem 2 it is easy to compute F = r 1 A 1 + r 2 A 2 + 
r 3 A 3 + r 4 A 4 . 
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,where u x = r x + r 4 + (e 2 + e 3 )r 3 , = n + r 4 + e 2 r 3 = n + r 4 + (d + e 2 )r 3 
and u 2 = 2r l + r 4 + (e 2 + e 3 )r 3 ,u' 2 = 2r l +r A + e 2 r 3 ,u 2 = 2r l +r A + (e l + e 2 )r 3 . 

We consider the following matrix F' which is obtained by adding the 7-th 
column of F to the 4-th column of F and adding r 2 /r 1 of the 7-th column to 
the 1st column. 
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(11) 



,where ^ = r\ + r 4 + (e 2 + e 3 )r 3 + ^,w 2 = 3ri + r 4 + (e 2 + e 3 )r 3 . 

It is clear that the determinantal varieties defined by F and F' are 
the same in the affine chart C 3 defined by r\ ^ 0. Consider the zero lo- 
cus Z\ defined by the condition that the determinants of the 2 diagonal 
3x3 submtrices of the 1st 6 x 6 submatrix in (11) are zero, locus Z 2 de- 
fined by the condition that the 1st 3 rows in (11) are linear dependent and 
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the locus Z 3 denned by the condition that the last 3 rows in (11) are lin- 
ear dependent, it is clear that V^(p eue2je3 ) fl C 3 is the sum of Zi,Z 2 ,Z 3 . 
We can use the affine coordinates r' 9 = —,r'o = —,r' d = ^ on the affine 
chart C 3 of CP 3 defined by r 1 7^ 0. In this affine coordinate system all 
r 2, r 3, r 4 should be replced by r' 2 ,r' 3 ,r 4 and r\ should be replaced by 1 in 
(11). Now we analysis V|(po,o,i)- ^ * s d ear that the following 2 planes 
Hi = {(r' 2 , r' 3 , r' 4 ) : r' 2 = r 4 + 1},#2 = {( r 25 r 3> r 4) : r 2 = r 4 + 2 } are in 
V|(po,o,i) n since in the case r' 2 = r' 4 + 1 the 2nd and the 3rd rows of (11) 
are linearly dependent and in the case r' 2 = r' 4 + 2 the 5th and 6th rows of (11) 
are linearly dependent. The determinants of two 3x3 diagonal submatrices 
of the 1st 6 x 6 submatrix of (11) are: 



(r' 2 -r' 4 - l)((r' 2 ) 3 + (r' 2 ) 2 r' 4 - [r' 2 f + (r' 4 ) 2 + r' 2 r' 3 + r' 2 r' 4 + r' 3 r' 4 + r' 2 + r' 3 + 2r 
(r> 2 -r> 4 - 2)(«) 2 - 2(r> 2 ) 2 + r' 2 r' 3 + r' 2 r' 4 + r' 3 r' 4 + 3r> 2 + 2r> 3 + 5r> 4 + 6) 

Let Xi and X 2 be zero locus of the 2nd factors of the above two deter- 
minants. It is obvious X\ fl X 2 is in V|(po,o,i) H C 3 , we want to show that 
Xi n X 2 \ Hi U H 2 is a curve, not a line. Take the ponit P = (0,2,-1) e X 1 n 
X2flifi, the tangent plane i?3 of X 2 at P is defined by Ar' 2 + r' 3 + 5r 4 = —3. If 
XiC\X 2 is a line around the ponit P, this line is contained in H 3 (lX 2 . However 
we can easily find that H 3 nX 2 is defined by 3(r 2 ) 2 + 2(r 4 ) 2 + Ar' 2 r' 4 + Ar 4 = 0. 
This polynomial is irreducible and thus H 3 fl X 2 is a curve around the pi- 
ont P. Thus X 1 fl X 2 is a curve around the point P. It is easy to check 
that Xi n X 2 is not contained in Hi around the point P. This implies that 
V^(p ei) e 2 ,e 3 ) H C 3 (actually the locus Zi) contains a curve (not a line) for 
generic parameters ei, e2, e3 (including parameters 0,0, 1) from algebraic ge- 
ometry. Thus if VjKp ei ,e2,e 3 ) H C 3 is the sum of (affine) linear subspaces, it 
have to contain a dimension 2 aflice linear subspace H 4 other than Hi and 

of the affine chart C 3 . Thus the determinants of all 6 x 6 submatrices of 
(11) have to contain an (fixed) affine linear form (ie., a degree one polyno- 
mial of r' 2 , r' 3 , r 4 which may contain a constant term) other than r' 2 — r 4 — 1 
and r' 2 — r' 4 — 1 as one of their factors. This affine linear form defines that 
dimension 2 linear affine subspace H 4 of C 3 . However it is easy to check this 
is impossible for generic parameters ei,e 2 ,e 3 (including parameters 0,0,1). 
We know that V^(p ei ^ 2te:i ) flC 3 cannot be the sum of (affine) linear subspaces 
of C 3 for generic ei, e 2 , e 3 (including parameters 0, 0, 1). Thus from Theorem 
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3 Pei,e 2 ,e 3 is entangled for generic parameters e±, e 2 , (including parameters 
0,0,1).' 

From the construction in Example 2 we can see if Ai, A m are m n x t 
matrices satisfying Ai(A*) T = Aj(A*) T , A is the m x 1 matrix with i — th 
block Ai and the rows of A correspond to the base |11 >, \ln >, |ml > 
, \mn > of if™ <S> Hg, then the mixed state p = jjA(A*) T , where D is a 
normalized constant, is invariant under partial transpose. It is not very diffi- 
cult to find such matrices. For the purpose that the constructed mixed state 
p is entangled (thus a bound entangled mixed state), we just need that the 
determinantal variety {(ri, ...,r m ) : rank(Y>riAi) < n — 1} is NOT linear. We 
know from algebraic-geometry (see [23], [24]) it is not very hard to find such 
matrices Ai, ...,A m . However as illustrated in Example 2 we do need some 
explicit calculation to prove this point. Thus our separability criterion and 
method in Example 2 offer a new systematic way to construct PPT bound 
entangled mixed states. 

The following example, which is a continuous family (depending on 4 pa- 
rameters) of mixed state in the four-party quantum system H\ <g> H\ <g> <g> 
H 2 D and separable for any 2 : 2 cut but entangled for any 1 : 3 cut, can be 
thought as a generalization of Smolin's mixed state in [22]. 

Example 3. Let H = H\0H^0H^^Hl) and hi, h 2 , h 3 , h A (understood 
as row vectors) are 4 mutually orthogonal unit vectors in C 4 . Consider the 
16 x 4 matrix T with 16 rows as 

T = (aih[, 0, 0, a 2 hl, 0, 03/13, 04/14, 0, 0, 05/13, a§h\, 0, ajh\, 0, 0, a^h^Y ■ Let 
0^,02,03,04 be 4 vectors in H whose expansions with the base |0000 > 
, |0001 >, |0010 >, |0011 >, |0100 >, |0101 >, |0110 >, |0111 >, 1 1000 >, 
|1001 >, 1 1010 >, |1011 >, |1100 >, 1 1101 >, 1 1110 >, 1 1 11 1 > are exactly the 

4 columns of the matrix T and 1; 2 , 3 , 4 are the normalized unit vectors 
of 0;, 0' 2 , 03, 0' 4 . Let p = \(P^ + + P^ 3 + P 04 ). 

It is easy to check that when hi = (1, 1, 0, 0), h 2 = (1, — 1, 0, 0), o 3 = 
(0,0, 1,1), o 4 = (0,0,1,-1) and ai = a 2 = a 3 = 04 = 1. It is just the 
Smolin's mixed state in [22]. 

Now we prove that p is invariant under the partial transposes of the cuts 
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AB:CD,AC:BD,AD:BC. 



Let the "representation" matrix T = (bijki)i=o,i,j=o,i,k=o, 1,1=0,1 is the ma- 
trix with columns corresponding the expansions of <f>i, <f) 2 , 03, 04-Then we can 
consider that T = T 2 , T 3 , T 4 ) r is blocked matrix of size 4x1 with each 
block Tij = (bki)k=o,i,i=o,i a 4 x 4 matrix,where ij = 00,01, 10, 11. Because 
hi, h 2 , h 3 , h-4 are mutually orthogonal unit vectors we can easily check that 
T i j(T* ljl ) T = Ti/j/(Tj*) T Thus it is invariant when the partial transpose of the 
cut AB:CD is applied. 

With the same methods we can check that p is invariant when the partial 
transposes of the cuts AC:BD, AD:BC are applied. Hence p is PPT under 
the cuts AB:CD, AC:BD,AD:BC. Thus from a result in [30] we know p is 
separable under these cuts AB:CD, AC:BD,AD:BC. 

Now we want to prove p is entangled under the cut A: BCD by comput- 
ing Vg CD (p). From the previous arguments , we can check that V BCD (p) 
is the locus of the condition: ai/iirooo + o, 2 h 2 r u + 03^3^101 + a 4 h 4 ri W and 
07^1^100 + 08^2^111 + 05^3^001 + ^6^4^010 are linear dependent. This is equiv- 
alent to the condition that the matrix (12) is of rank 1. 

( a 7 r 100 a 8 r m a 5 r 00 i a 6 r 0W 
\ air 000 a 2 r n a 3 r 101 a 4 r 110 

From [23] pp. 25-26 we can check that V BCD (p) is exactly the famous 
Segre variety in algebraic geometry. It is irreducible and thus cannot be lin- 
ear. From Theorem 3, p is entangled under the cut A:BCD. Similarly we can 
prove that p is entangled under the cuts B:ACD, C:ABD, D:ABC. 

Now we compute V^. B (p). From the previous arguments and Definition 
2 , it is just the locus of the condition that the vectors h^air^r^ + a 7 r\rf), 
h 3 (a 3 rlrf + «5 r i r o)' h 4 (a 4 rlrl + a 6 r\rQ), h 2 (a 2 rlrl + a 8 r\rf) are linear de- 
pendent. Since h\,h 2 ,h 3 , h 4 are mutually orthogonal unit vectors,we have 
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VlM = {(r^rlrlrj)eCP 1 xCP 1 : 
{airlrl + a 7 rlrf)(a 3 rlrf + a^rl) {a A rlr\ + a§r\rl)(a 2 rlrl + a s r\r\) = 0} 

From Theorem 3 we know that p is entangled for the cut A:B:CD, A:C:BD 
and A:D:BC for generic parameters, since (for example) air^r^ + a 7 r\r\ can- 
not be factorized to 2 linear forms for generic a 4 and a 7 . This provides 
another proof the mixed state is entangled if the 4 parties are isolated. 
Let Ai = —ai/a 7 ,\ 2 = — a 3 /a 5 ,A 3 = — a 4 /a 6 ,A 4 = —a 2 /a 8 and consider the 
family of the mixed states {px li2t3A }, we want to prove the following state- 
ment. 

Theorem 5. The generic memebers in this continuous family of mixed 
states are inequivalent under the local operations on H = H\®H'q®Hq®H'j :) . 

Proof. From the above computation, V^. B (px 12 3A ) is the union of the 
following 4 algbraic varieties in CP 1 x CP 1 . 

V 1 = {{rl,r\,rl,r\) G CP 1 x CP 1 : r Vg - X^rj = 0} 
V 2 = {(rl,r\,r%,rl) G CP 1 x CP 1 : r^rf - X 2 r\r 2 Q = 0} 
V 3 = {(r 1 , r\, r 2 , r?) G CP 1 x CP 1 : r'rf - A 3 r}rg = 0} 
V A = {(r l ,r{,rlrj) G CP 1 x CP 1 : r> 2 - A 4 r 1 1 r? = 0} 

From Theorem 1', if Pai, 2 , 3 ,4 an d Px[ 2 3 4 are equivalent by a local operation, 
there must exist 2 fractional linear transformations T 1; T 2 of CP 1 such that 
T = Ti x T 2 (acting on CP 1 x CP 1 ) transforms the 4 varieties V\, V 2 , V3, V4 
of /;v,„, to the 4 varieties V{, V 2 \ V£, VI of Px' 123 Je., T(^) = V/. 

Introduce the inhomogeneous coordinates Xi = r\jr\,x 2 = r\jh\. Let 
T\{x\) = (axi + b)/(cxi + d). Suppose T(T^) = V-,i = 1,2,3,4. Then we 
have a6Ai = cdX\X' 2 and a&A 4 = cdX' 3 X' 4 . Hence AiA 3 A 4 = A' 1 A' 2 A 4 . This means 
that there are some algebraic relations of parameters if the T exists. Simi- 
larly we can get the same conclusion for the other possibilities T(Vi) = V-. 
This implies that there are some algebraic relations of parameters Ai j2 ,3, 4 and 
^'1,2,3,4 ^ Pai, 2 ,3,4 an d Px[ 2 3 4 are equivalent by a local operation. Hence our 
conclusion follows immediately. 
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In conclusion, from the consideration of measuring the mixed states by 
separable pure states we naturally constructed non-local invariants for both 
bipartite and multipartite mixed states only depending on their eigenvectors 
via algebraic-geometry of determinantal varieties. These algebraic-gemetric 
invariants of mixed states can be used to distinguish inequivalent classes of 
states under local unitary transformations effectively as shown in Example 
1 and Example 3. We have given an eigenvalue- free separability criterion 
based on these algebraic-geometric invariants of mixed states which can de- 
tect entangled mixed states not violating entropy and disorder criteria as 
shown in Example 1. This criterion also works well to detect entangled 
mixed states for which there are some separable pure states within the their 
ranges as shown in Example 2. Based on this criterion a new systematic 
way to construct PPT bound entangled mixed states have been described. 
The work here strongly indicates that quantum entanglement has a large 
eigenvalue- free part which depends only on the position of eigenvectors and 
we have developed a quantitative method to treat it. 
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